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The strong system-bath correlation is a typical initial condition in many condensed matter and
some quantum optical systems. Here, the dynamics of a spin interacting with a spin bath through
an intermediate spin are studied. Initial correlations between the spin and the intermediate spin are
taken into account. The exact analytical expression for the evolution operator of the spin is found.
Furthermore, correlated projection superoperator techniques are applied to the model and a time-
convolutionless master equation to second order is derived. It is shown that the time-convolutionless
master equation to second order reproduces the exact dynamics for time-scales of the order 1/γ,
where γ is the coupling of the central spin to the intermediate spin. It is found that there is a strong
dependence on the initial system-bath correlations in the dynamics of the reduced system, which
cannot be neglected.
PACS numbers: 03.65.-w, 42.50.Ar, 03.65.Yz, 75.10.Jm
I. INTRODUCTION
The open quantum dynamics [1] of spin systems finds
wide application in various fields of physics, e.g., quan-
tum theory of magnetism [2], quantum information pro-
cessing [3], quantum biology [4] and quantum dots [5–
7]. Several models were proposed to study decoherence
of single and multi-spin systems interacting with a sur-
rounding environment [8]. The model considered here is
quite typical for various situations, e.g., coupled quantum
dots with one of them strongly interacting with an exter-
nal spin environment or a system of two spin-spin inter-
acting electrons with one of them strongly coupled to sur-
rounding nuclear spins. Very often, the derivation of the
reduced dynamics involves complications and difficulties
that can be overcome in many cases by the application of
approximation techniques. In particular, the Markovian
approximation together with the quantum master equa-
tion approach turns out to be very useful [9, 10]. How-
ever, any approximation method is inevitably based on
some assumptions which do not necessarily reflect the ac-
tual properties of the composite system. Moreover, many
realistic spin systems exhibit non-Markovian behaviour
for which the standard derivation of the quantum mas-
ter equation ceases to be applicable. The non-Markovian
dynamics of a spin-system coupled to a spin environment
has been extensively investigated [11–16].
There are only few solvable models of open quantum
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system dynamics, which allow for the exact analytical
dynamics of the reduced system. Some examples are the
damped harmonic oscillator [17], the spontaneous emis-
sion of a two level atom into a zero temperature bath [18],
the pure decoherence of a two-level system [19, 20] and
spin star models [16]. From this point of view, develop-
ing new exactly solvable non-perturbative models plays a
crucial role for the deeper understanding of the realistic
systems dynamics. Furthermore, exactly solvable models
make it possible to test and develop new approximation
techniques. A typical spin environment is characterized
by non-Gaussian fluctuations and strong memory effects
for a wide range of parameters [21]. Even for the sim-
plest case of a two-level system interacting with a bath
of spins in a spin star configuration the Markov limit for
the quantum master equation does not exists [16, 22].
Recently, a correlated projection operator approach was
developed [23–25]. This approximation technique was
shown to be an efficient tool in the description of various
physical systems [25–27].
Typically, in the derivation of the quantum master
equation it is assumed that initially the system and the
bath are uncorrelated. However, this is not the case in
many condensed matter and quantum optical systems.
Taking into account correlations between system and
bath gives raise to inhomogeneous terms in the quan-
tum master equation [1]. Recently, initial correlations in
the Jaynes-Cummings model were studied using the trace
distance [28]. It was found that initial correlation plays
an important role in the reduced dynamics of the two-
level system. The influence of initial correlation on the
dissipation of a qubit interacting with a bosonic reservoir
at zero temperature was studied in Ref. [29]. The role of
initial correlations in the decoherence process of a qubit
2interacting with a bosonic bath for different bath spectral
densities was investigated in [30, 31], and it was shown
that the evolution of the diagonal elements of the reduced
system exhibits a strong dependence on initial correla-
tions. The exact non-Markovian dynamics of open quan-
tum systems in the presence of initial system-reservoir
correlations for a photonic cavity system coupled to a
general non-Markovian reservoir [32] shows that the ini-
tial two-photon correlation between the cavity and the
reservoir can induce nontrivial squeezing dynamics to the
cavity field. However, in all present research the role of
initial system bath correlation was investigated for pre-
viously known exactly solvable models [1].
In this paper, we study the reduced dynamics of a spin
coupled to a spin bath through an intermediate spin. The
main goals of this work are the following: Firstly, to use
the exact solution of the model derived here to show the
importance of initial system-bath correlations. Secondly,
to demonstrate that in the case where initial system-
bath correlations are present, a rigorously derived mas-
ter equation will contain an inhomogeneous term which
substantially affects the dynamics of the reduced system.
Thirdly, by comparing the exact and approximate solu-
tions of the master equation, to understand the limita-
tions of the approximate correlated projector method in
the presence of an inhomogeneous term in the quantum
master equation.
This paper is organized as follows. In Sec. II we de-
scribe the model of a spin coupled to a spin bath through
an intermediate spin. In Sec. III we present the ana-
lytical solution for the evolution operator and build the
reduced density matrix for the spin. In Sec IV we ap-
ply the correlation projection operator method to obtain
the quantum master equation in the time-convolutionless
form (TCL2) and compare approximate and exact solu-
tion of the studied model. Finally, in Sec. V we discuss
the results and conclude.
II. MODEL
We consider the model of a spin coupled to a spin bath
through an intermediate spin (see Fig. 1). The interac-
tion Hamiltonian is given by
H = HSI +HIB, (1)
where
HSI =
γ
2
(σ+τ− + σ−τ+)
is the Hamiltonian describing spin-spin interactions and
σ±, τ± are the creation (annihilation) operators for the
spin and the intermediate one, respectively. The param-
eter γ denotes the strength of the spin-spin interaction.
The second term in the interaction Hamiltonian describes
the interactions between the intermediate spin and the
spins in the bath
HIB =
α
2
√
N
(τ+J− + τ−J+) .
Intermediate spin
Spin
Bath
FIG. 1: (Color online) The model of a spin coupled to a spin
bath through an intermediate spin.
In the above equation, J± =
N∑
i=1
σi±, and σ
i
± are creation
(annihilation) operators of i-th spin of the bath, α is the
strength of the interaction and N denotes the numbers of
bath spins. The factor 1/
√
N is introduced in the above
Hamiltonian as usual [33] to obtain the correct behaviour
in the thermodynamic limit (N →∞). The uniform cou-
pling of the Hamiltonian HIB is a simplification allowing
to build an analytical solution for the model. In this
paper units are chosen such that kB = ~ = 1.
III. EXACT SOLUTION
To describe the exact dynamics of the total system we
need to specify an initial state of the total system which
is given by the density operator ρtot(0) and to find an
evolution operator of the total system U(t) in an explicit
form, as
U(t) = exp[−iHt]. (2)
With the knowledge of the evolution operator and the
initial state of the total system the reduced dynamics of
the spin can be found as
ρS(t) = trIB{U(t)ρtot(0)U †(t)}. (3)
Here we will consider an initially correlated state between
the spin and the intermediate spin, while the rest of the
bath is assumed to be unpolarized.
The initial state of the total system reads,
ρtot(0) = ρSI(0)⊗ ρB(0), (4)
where ρSI(0) is the density matrix of the spin and the
intermediate one is given by a generic X-like initial two-
qubit density matrix, as
ρSI(0) =


ρ011 0 0 ρ
0
14
0 ρ022 ρ
0
23 0
0 ρ032 ρ
0
33 0
ρ041 0 0 ρ
0
44

 , (5)
3while ρB(0) is the density matrix describing the unpolar-
ized state of N particle with spin 1/2, as
ρB(0) =
IB
2N
. (6)
The density matrix (5) contains any two spin states of
the form
|Φ±θ,β〉 = sin(θ)|+〉S |−〉I ± exp(iβ) cos(θ)|−〉S |+〉I , (7)
|Ψ±θ,β〉 = sin(θ)|+〉S |+〉I ± exp(iβ) cos(θ)|−〉S |−〉I , (8)
where the |±〉S and |±〉I are the eigenvectors of σz and
τz , respectively. We notice that |Φ±pi
4
,0〉 and |Ψ±pi
4
,0〉 are
the usual Bell states.
A. Analytical expression for the evolution operator
Let Uij denote the components of the evolution op-
erator U in the basis {|− −〉, |− +〉, |+ −〉, |+ +〉} of
eigenvectors of the operator σz ⊗ τz, where σz is a diag-
onal operator of the spin, and τz is a diagonal operator
of the intermediate spin. We can write
U |++〉 = U11|++〉+ U21|+−〉+ U31|−+〉+ U41|−−〉, (9)
U |+−〉 = U12|++〉+ U22|+−〉+ U32|−+〉+ U42|−−〉,(10)
U |−+〉 = U13|++〉+ U23|+−〉+ U33|−+〉+ U43|−−〉,(11)
U |−−〉 = U14|++〉+ U24|+−〉+ U34|−+〉+ U44|−−〉.(12)
On the other hand, the operator U satisfies the
Schro¨dinger equation
i
d
dt
U |i, j〉 = HU |i, j〉, (13)
where i, j = + or −.
Substituting Eqs. (9)-(12) into Eq. (13) yields the
following system of coupled differential equations


iU˙1j =
α
2
√
N
J−U2j ,
iU˙2j =
α
2
√
N
J+U1j +
γ
2U3j,
iU˙3j =
α
2
√
N
J−U4j + γ2U2j ,
iU˙4j =
α
2
√
N
J+U3j .
(14)
Here, j = 1, 2, 3, 4 is the number of the column of the
evolution operator U in the chosen basis.
Differentiating the second and third equations in (14)
and combining with the first and fourth equations in (14)
we obtain


iU˙1j =
α
2
√
N
J−U2j ,
iU¨2j = −i α24N J+J−U2j + γ2 U˙3j ,
iU¨3j = −i α24N J−J+U3j + γ2 U˙2j ,
iU˙4j =
α
2
√
N
J+U3j .
(15)
All terms in this system of the differential equations are
diagonal in the common eigenbasis of the J2 and Jz oper-
ators of the bath. Hence, the standard method of solving
systems of differential equations can be applied.
Initial conditions for the evolution operator follow from
its definition (2). Clearly, we have
∂n
∂tn
U(t) |t→0= (−iH)n. (16)
Using the previous relation we can determine that the
system (15) admits the following solution
U11 = 1− α24N J−
{
(−1 + cosh (A−))C+F−1G−2− − (−1 + cosh (A+))C−F−1G−2+
}
J+,
U12 =
iα
2
√
2N
J−F−1
{
sinh(A+)C−G−1+ − sinh(A−)C+G−1−
}
,
U13 =
αγ
4
√
N
J−F−1 {− cosh(A+) + cosh(A−)} ,
U14 =
i
√
2α2γ
8N J−F
−1 {sinh(A+)G−1+ − sinh(A−)G−1− }J−,
U21 =
iα
2
√
2N
F−1
{
sinh (A+)C−G−1+ − sinh (A−)C+G−1−
}
J+,
U22 =
1
2F
−1 {− cosh(A+)C− + cosh(A−)C+} ,
U23 =
iγ
2
√
2
F−1 {− sinh(A+)G+ + sinh(A−)G−} ,
U24 =
αγ
4
√
N
F−1 {− cosh(A+) + cosh(A−)} J−,
U31 =
αγ
4
√
N
F−1 {− cosh(A+) + cosh(A−)} J+,
U32 =
iγ
2
√
2
F−1 {− sinh(A+)G+ + sinh(A−)G−} ,
U33 =
1
2F
−1 {− cosh(A+)C− + cosh(A−)C+} ,
U34 =
iα
2
√
2N
F−1
{
sinh (A+)C−G−1+ − sinh (A−)C+G−1−
}
J−,
U41 =
i
√
2α2γ
8N J+F
−1 {sinh(A+)G−1+ − sinh(A−)G−1− } J+,
U42 =
αγ
4
√
N
J+F
−1 {− cosh(A+) + cosh(A−)} ,
U43 =
iα
2
√
2N
J+F
−1 {sinh(A+)C−G−1+ − sinh(A−)C+G−1− } ,
U44 = 1− α24N J+
{
(−1 + cosh (A−))C+F−1G−2− − (−1 + cosh (A+))C−F−1G−2+
}
J−.
(17)
4In the above system of equations we have used the nota-
tion
G± = 1/2
√
−α2N (J+J− + J−J+)− γ2 ± 4F,
F = 14
√
4 α
4
N2J
2
z + 2
α2γ2
N (J+J− + J−J+) + γ
4,
C± = (2α2Jz ± 4FN + γ2N)/(4N),
A± = G±t/
√
2.
(18)
B. Reduced density matrix
Using the exact analytical expression for the evolution
operator (17) after the trace over the intermediate spin
variables we find explicitly the reduced dynamics of the
spin (see Eq. (3)), as
ρS11(t) =TrB
[
ρ011U11U
†
11 + (ρ
0
22U12 + ρ
0
32U13)U
†
12
+ ρ044U14U
†
14 + (ρ
0
23U12 + ρ
0
33U13)U
†
13
+ ρ011U21U
†
21 + (ρ
0
22U22 + ρ
0
32U23)U
†
22 (19)
+ ρ044U24U
†
24 + (ρ
0
23U22 + ρ
0
33U23)U
†
23
]
/2N ,
ρS22(t) = 1− ρS11(t),
ρS12(t) = ρ
S
21(t) = 0. (20)
The relation (17), (19), (20) are the main result of this
article.
To perform the trace over the collective bath variables
one needs to take into account the degeneracy of states
of the bath as
trBρ =
N/2∑
j=0, 1
2
j∑
m=−j
ν(N, j)〈j,m|ρ|j,m〉, (21)
where the degeneracy is given by
ν(N, j) =
(
N
N
2 + j
)
−
(
N
N
2 + j + 1
)
. (22)
The vectors |j,m〉 are eigenvectors of the bath operators
J2 and Jz, namely
Jz|j,m〉 = m|j,m〉, (23)
J2|j,m〉 = j(j + 1)|j,m〉, (24)
J±|j,m〉 =
√
j(j + 1)−m(m± 1)|j,m± 1〉, (25)
where the eigenvalues vary from j = 1/2 to N/2 for odd
N, or from j = 0 to N/2 for even N , and m = −j, ..., j.
Using the exact expression for the reduced density ma-
trix, we can analyse the dynamics of the spin. The dy-
namics of the probability to find the spin in the state |+〉
is shown in Figs. 2 – 5.
C. The limit of large number of bath spins
(N →∞)
This subsection is devoted to the case of an infinite
number of spins in the bath, i.e., the case N → ∞. The
limit of large number of spins can be obtained using the
following formula [33]
lim
N→∞
2−N trB
{
f
(
J±J∓
N ,
Jz√
N
)}
(26)
=
(
2
pi
)3/2 ∞∫
−∞
dm
∫
C
dzdz∗f(|z|2,m)e−2(m2+|z|2).
An exact calculation shows that
ρS11(t)N→∞ = 1/2
(
1 + (ρ011 + ρ
0
22 − ρ033 − ρ044) cos
(
γt
2
)
+ i(ρ023 − ρ032) sin
(
γt
2
))
−
(
(ρ011 + ρ
0
22 − ρ033 − ρ044) cos
(
γt
2
)
+ i(ρ023 − ρ032) sin
(
γt
2
))
f(t) (27)
+
(
(ρ011 − ρ022 + ρ033 − ρ044) sin
(
γt
2
)
+ i(ρ023 − ρ032) cos
(
γt
2
))
g(t),
ρS22(t)N→∞ = 1− ρS11(t)N→∞, (28)
where the functions f(t) and g(t) are given by
f(t) =
γ2
α2
eγ
2/2α2
∞∑
n=1
(γt)2n
2n+2(2n)!
∂n−1
∂An−1
e−A/2
A
|A→γ2/α2 ,
and
g(t) = iγ4αe
γ2/2α2−α2t2/8√pi
2
×
(
erf
(
2γ−iα2t
2
√
2α
)
− erf
(
2γ+iα2t
2
√
2α
))
.
Using the exact expression for the reduced density ma-
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FIG. 2: Dynamics of the population of the upper state ρS11
based on the exact solution of the Schro¨dinger equation (19)
for different coupling strengths between intermediate spin and
environmental spins. Solid, dashed, dot-dashed and dotted
lines correspond to α = 0, α = γ/4, α = γ and α = 100γ, re-
spectively. The initial state is the Bell state |Φ+pi/2,0〉; number
of spins in the bath N = 50.
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FIG. 3: Dynamics of the population of the upper state ρS11
based on the exact solution of the Schro¨dinger equation (19)
for different coupling strengths between intermediate spin and
environmental spins. Solid, dashed, dot-dashed and dotted
lines correspond to α = 2γ, α = γ, α = γ/2 and α = γ/4, re-
spectively. The initial state is the Bell state |Φ+pi/3,0〉; number
of spins in the bath N = 50.
trix we can analyse the dynamics of the spin in the ther-
modynamic limit, Eq. (27). The dynamics of the proba-
bility to find the spin in the state |+〉 is shown in Fig. 4
and Fig. 6.
IV. APPROXIMATION TECHNIQUES
A. Projection operator techniques
Projection operator techniques are a powerful tool of
statistical physics [35–39]. The application of projection
operator techniques in the theory of open quantum sys-
tems is based on considering the operation of tracing over
the environment as a formal projection ρ 7→ Pρ in the
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FIG. 4: Dynamics of the population of the upper state ρS11
based on the exact solution of the Schro¨dinger equation (19)
for different number of spins in the environment. Dotted,
dashed and solid lines correspond to 10, 50 and ∞ number of
the environmental spins, respectively. The initial state is the
Bell state |Φ+pi/3,0〉; coupling strength α = γ/2.
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FIG. 5: Dynamics of the population of the upper state ρS11
based on the exact solution of the Schro¨dinger equation (19)
for different initial system-environment correlations. Solid,
dashed, dotted and dot-dashed lines correspond to initial
states |Φ+pi/3,0〉, |Φ
+
pi/3,pi/2〉 , |Φ
+
pi/3,pi/4〉 and |Φ
+
pi/3,pi/6〉, respec-
tively. Number of spins in the bath N = 50; coupling strength
α = γ.
state space of the total system [1, 34]. The superoper-
ator P has the property of a projection operator, that
is P2 = P , and the density matrix Pρ is said to be the
relevant part of the density ρ of the total system. Cor-
respondingly, a projector I − P or ρ 7→ Qρ is defined as
a projection onto the irrelevant part of the total density
matrix.
B. Time-convolutionless master equation
One of all possible ways of deriving an exact master
equation for the relevant part of ρ is to remove the de-
pendence of the system’s dynamics on the full history
of the system and to formulate a time-local equation of
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FIG. 6: Dynamics of the population of the upper state ρS11
based on the exact solution of the Schro¨dinger equation Eq.
(27) in the thermodynamic limit for different initial system-
environment correlations. Solid, dashed and dotted lines cor-
responds to initial states |Φ−pi/3,0〉, |Φ
−
pi/3,pi/4〉 and |Φ
−
pi/3,pi/2〉,
respectively. The coupling strength is α = γ/4.
motion, which is given by
∂
∂t
Pρ(t) = K(t)Pρ(t) + I(t)Qρ(0). (29)
This equation is called the time-convolutionless (TCL)
master equation, and K(t) is a time-dependent superop-
erator, which is referred to as the TCL generator. As for
the Nakajima-Zwanzig equation [35, 36], in general there
is also an inhomogeneous term proportional to Qρ(0) on
the right-hand side of Eq. (29).
The expansion to second order in H of the TCL gen-
erator and the inhomogeneity are given by [1]
K(t) = PL(t)P +
t∫
0
dsPL(t)L(s)P , (30)
I(t) = PL(t)Q+
t∫
0
dsPL(t)L(s)Q. (31)
C. Correlated projection superoperators
The starting point of the projection operator tech-
niques is the introduction of a superoperator P which
acts on the total system’s density matrix, and which is
usually defined by
Pρ = (trEρ)⊗ ρ0, (32)
where ρ0 is some fixed state of the environment. Obvi-
ously, the map P satisfies the condition of a projector,
namely P2 = P .
The complementary map is defined via Q = I − P ,
where I denotes the identity. Note that Pρ contains all
information about the open system in the sense that for
the expectation value of any observable OS of the open
system the relation tr{OSρ} = tr{OSPρ} holds.
The projector (32) is not the only possible choice [23].
In fact, a general class of projection superoperators can
be represented as follows,
Pρ =
∑
i
trE{Aiρ} ⊗Bi, (33)
where {Ai} and {Bi} are two sets of linear independent
Hermitian operators on HE satisfying the relations
trE{BiAj} = δij , (34)∑
i
(trEBi)Ai = IE , (35)
∑
i
ATi ⊗Bi ≥ 0. (36)
Once P is chosen, the dynamics of the open system is
uniquely determined by the dynamical variables
ρi(t) = trE{Aiρ(t)}. (37)
The connection to the reduced density matrix is simply
given by
ρS(t) =
∑
i
ρi(t), (38)
and the normalization condition reads
trS ρS(t) =
∑
i
trS ρi(t) = 1. (39)
The TCL equation (29) together with the projection
operator (33) leads to a coupled system of time-local dif-
ferential equations,
d
dt
ρi(t) =
∑
j
Kij(t)ρj(t) +
∑
j
Iij(t)ρj(0), (40)
with superoperators defined by
Kij (t)OS ≡ trE {AiK(t)(OS ⊗Bj)} , (41)
Iij (t)OS ≡ trE {AiI(t)(OS ⊗Bj)} . (42)
In the subsequent discussion we assume that K and I are
defined through Eqs. (30) and (31)
D. Application to the model
As it was indicated by Fisher and Breuer [23] the corre-
lated projection approach is most efficient if projections
on subspaces corresponding to some conserving quantity
are considered. For the spin-star models the most ap-
propriate conserving quantity is the z-projection of the
total angular momentum of the total system. Explain-
ing the symmetries of the model under consideration we
generalise the correlated projection operator as follows
7Pρ =
∑
j
j∑
m=−j
trIB
(
Π+jmρ
)⊗ Π
+
jm
Nj
(43)
+
∑
j
j∑
m=−j
trIB
(
Π−jmρ
)⊗ Π
−
jm
Nj
,
where Π±jm = |±〉〈±|⊗|j,m〉〈j,m|. The |±〉 are eigenvec-
tors τz and |j,m〉 are eigenvectors of the bath operators
Jz and J
2. The corresponding eigenvalues are m and
j(j + 1). We introduce the notation
Nj = trΠ
±
jm =
(
N
N
2 + j
)
−
(
N
N
2 + j + 1
)
. (44)
Naturally, the projection on the irrelevant part is defined
as
Qρ = ρ− Pρ. (45)
Combining Eqs. (43),(45) and (40) with the Hamilto-
nian (1) and for the initial state (4), using (30) and (31),
we get a system of differential equations for the quantities
Rjm = trIB
(
Π+jmρ
)
, and rjm = trIB
(
Π−jmρ
)
, namely
r˙jm = − α
2
2N
b(j,−m)(rjm −Rjm−1)t (46)
−γ
2
4
(rjmσ
+σ− + σ+σ−rjm − 2σ+Rjmσ−)t+ Λ1,
R˙jm = − α
2
2N
b(j,m)(Rjm − rjm+1)t (47)
−γ
2
4
(Rjmσ
−σ+ + σ−σ+Rjm − 2σ−rjmσ+)t+ Λ2,
where b(j,m) = (j−m)(j+m+1). The inhomogeneities
in the above equation are defined as
Λ1 =
(
i γ2N+1 (ρ
0
23 − ρ032) 0
0 0
)
, (48)
Λ2 =
(
0 0
0 −i γ2N+1 (ρ023 − ρ032)
)
. (49)
The initial conditions for Eqs. (46) and (47) are given
by
Rjm(0) = Nj/2
N
(
ρ011 0
0 ρ033
)
, (50)
rjm(0) = Nj/2
N
(
ρ022 0
0 ρ044
)
. (51)
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FIG. 7: Comparison of the dynamics of the population of
the upper state ρS11 occurring in the TCL2 master equation
(52)-(55) and the exact solution of the Schro¨dinger equation
(19). For the initial states |Φ+pi/3,pi/2〉 the TCL2 solution is
represented by the cross symbol and the exact solution by
the solid curve. For the initial state |Φ+pi/3,pi/3〉 the TCL2
solution is represented by the square symbol and the exact
solution by the dashed curve. For the initial state |Φ+pi/3,pi〉
the TCL2 solution is represented by the triangle symbol and
the exact solution by the dotted curve. The coupling strength
is α = γ/2; the number of spins in the bath is N = 20.
From Eqs. (46) and (47) we find a closed system of
equations for the matrix elements
R˙11jm−1 =
α2
2N b(j,−m)(r11jm −R11jm−1)t, (52)
r˙11jm = − α
2
2N b(j,−m)(r11jm −R11jm−1)t (53)
+ γ
2
2 (R
22
jm − r11jm)t+ i γ2N+1 (ρ023 − ρ032),
R˙22jm = 2
α2
N b(j,m)(r
22
jm+1 −R22jm)t (54)
− γ22 (R22jm − r11jm)t− i γ2N+1 (ρ023 − ρ032),
r˙22jm+1 = −2α
2
N b(j,m)(r
22
jm+1 −R22jm)t. (55)
We notice that R˙11jm−1 + r˙
11
jm + R˙
22
jm + r˙
22
jm+1 = 0. This
is a consequence of the choice of the projection superop-
erator (Eq. (43)) as a projection on a conserved quantity
of the total system, i.e., the total angular momentum.
The populations can be expressed through the projec-
tions r and R, as
ρS11 =
∑
j
j∑
m=−j
(R11jm + r
11
jm), (56)
ρS22 =
∑
j
j∑
m=−j
(R22jm + r
22
jm). (57)
The system (52) can be easily solved numerically. We
use the convention rj|j+1| = Rj|j+1| = 0. The TCL2 dy-
namics of the probability to find the spin in the excited
state following from Eqs. (52)-(55) is shown in Fig. 7.
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FIG. 8: Comparison of the dynamics of the population of the
upper state ρS11 occurring in the TCL2 master equation (52)-
(55) and the exact solution of the Schro¨dinger equation (19).
For α = γ/2 the TCL2 solution is represented by the cross
symbol and the exact solution by the solid curve. For α = 2γ
the TCL2 solution is represented by the square symbol and
the exact solution by the dashed curve. For α = 10γ the
TCL2 solution is represented by the triangle symbol and the
exact solution by the dotted curve. The initial state is the
Bell state |Φ+pi,0〉; a number of spins in the bath N = 20.
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FIG. 9: Comparison of the long-time dynamics of the popu-
lation of the upper state ρS11 occurring in the TCL2 master
equation (52)-(55) and the exact solution of the Schro¨dinger
equation (19). For α = γ/2 the TCL2 solution is repre-
sented by the cross symbol and the exact solution by the
solid curve. For α = 2γ the TCL2 solution is represented
by the square symbol and the exact solution by the dashed
curve. For α = 10γ the TCL2 solution is represented by the
triangle symbol and the exact solution by the dotted curve.
The initial state is the Bell state |Φ+pi,0〉; a number of spins in
the bath N = 20.
V. RESULTS AND DISCUSSION
The exact dynamics of the spin is analysed in Figures
2 to 6. Figs. 2 and 3 show the population of the upper
state of the spin in dependence of the strength of the
interaction between the bath spins and the intermediate
spin. Figure 2 shows the dynamics for limiting cases.
When the strength of the interaction is small, α ≪ γ,
the influence of the bath on the spin dynamics is very
weak and the spin evolution is very similar to the case
α = 0. For the case α ≫ γ the population oscillates
near the initial state with small amplitude. The most
interesting case is α ∼ γ : for this domain we observe a
strong dependence on the value of α (see Figs. 2 and 3).
The dynamics of the population of the upper state for
different numbers of bath spins is shown in Figure 4.
We can see that the dynamics of the spin depends very
weakly on the number of spins in the bath. Already for
50 spins a minimal difference from the thermodynamic
limit can be observed.
Fig. 5 shows the strong dependence on the initial cor-
relation between the reduced spin and the intermediate
spin. The initial state of the total system is given by Eq.
(4) with ρSI(0) taken as correlated Bell-like pure states
|Φ+pi/3,β〉 (Eq. (7)). The different curves in Fig. 4 corre-
spond to different values of the initial phase parameter β.
Following the explicit expressions for the reduced density
matrix in the thermodynamics limit, Eq. (27), it is clear
that for the model considered here initial system-bath
correlations affect the dynamics of the reduced system
only if ℑρ23(0) 6= 0. For the initial state analysed in Fig.
5 this corresponds to the case β 6= pin (n ∈ Z).
From Fig. 5 one can clearly see that the initial correla-
tions give a non-negligible contribution to the dynamics
of the reduced system for all times. The dependence of
the dynamics of the reduced system on the initial system
bath correlations in the thermodynamic limit is analysed
in Fig. 6. The initial state of the total system is given by
Eq. (4) with ρSI(0) chosen to be correlated Bell-like pure
state |Φ−pi/3,β〉 (Eq. (7)). Similar to the case presented in
Fig. 5, one can see that initial system-bath correlations
play an important role in the dynamics of the reduced
system.
Using the explicit formula for the density matrix for
the reduced system in the thermodynamic limit, Eq.
(27), one can explicitly analyse limiting cases for the ra-
tio of coupling strengths α/γ. From Eq. (27) one can
see that an influence of the bath on the dynamics of the
spin is described by the functions f(t) and g(t). In the
case α ≪ γ the expansion of the functions f(t) and g(t)
reads,
f(t) ≈ sin2 γt
4
+
α2
γ2
(
−2 sin2 γt
4
+
γt
4
sin
γt
2
)
+O
(
α4
γ4
)
and
g(t)≈ 12 exp
(
−α2t28
) (
sin γt2 +
α2
4γ2
(
γt cos γt2 +
(
γ2t2
4 − 2
)
sin γt2
)
+O
(
α4
γ4
))
.
From the expansion for the functions f(t) and g(t) one
can see that in the case α ≪ γ the dynamics is domi-
nated by the unitary oscillations with the frequency γ/2
which corresponds to unitary evolution of the spin and
intermediate spin.
In the other limiting case, α ≫ γ, one obtains that
f(t) = g(t) = 0, which explicitly shows the limitation of
9the equation for the thermodynamic limit given by the
Eq. (26). As one can see from Fig. 2 in the case α ≫ γ
(Fig. 2 dotted curve) the system is very weakly coupled
to an environment and in the limit α/γ →∞ remains in
its initial state.
The limitation of Eq. (26) follows from the asymp-
totic character of this equation. This equation gives the
correct thermodynamic limit only if the constant of the
system bath interaction is small with respect to all the
other characteristic parameters of the total system (like
in the case α≪ γ).
Figures 7-9 show the dynamics of the population of
the upper state. In order to benchmark the approxima-
tion technique the dynamics of this observable is derived
from the solution of the TCL2 master equation with cor-
related projection operator (Eq. (46) and Eq. (47)) and
the exact solution of the Schro¨dinger equation (19). The
comparison is performed for different initial conditions,
parameters α, γ and different time frames. From Fig.
7 one can see that the TCL2 approximation technique
gives good results for sufficiently large time. A deviation
from the exact solution is not exceeded by 5% for time
scale of 1/γ. In Fig. 8 the dependence on the coupling
strength γ/α is analysed. One can see that the correla-
tion projection operator technique gives good agreement
for γ/α & 1. The last inequality can be understood if
take into account that the equations are perturbative
both in alpha and in gamma. The relevant order of the
expansion is the maximal value of two constants α or γ.
However, the evolution of the relevant system defines γ.
For this reason, the most accurate approximation of the
dynamics is obtained for α . γ.
Fig 9. addresses the long time behaviour of the re-
duced system dynamics. It is clear that for all ranges
of the parameters γ/α considered here the approxima-
tion technique shows convergence to a false equilibrium
value. However, this behaviour has no correlation with
the dynamics described by the exact solution. From Fig.
9 one can also see that increasing the ratio γ/α, the dis-
crepancy between approximation technique and exact so-
lution is growing. A more adequate description of the
long time dynamics and parameter ratios γ/α > 1 might
require higher orders in the TCL expansion.
The fact that the TCL2 master equation with corre-
lated projection operator gives the satisfactory results for
time-scales of the order 1/γ indicates that this approxi-
mation technique fits the description of spin-bath systems
much better than the traditional form of the projection
operator in the form (32). As it was indicated in Ref. [16]
a TCL2 master equation for spin systems gives adequate
results only for time scales of the order of 0.05/γ.
For the situation considered in this paper if one chooses
a projection operator in the form Pρ = (trIBρ) ⊗
IN+1/2
N+1, where N is number of bath spins. The cor-
responding master equation reads
ρ˙ = −γ2t/4 (σ−σ+ρ+ ρσ−σ+ − 2σ−ρσ+ + h.c.) .
It is clear that the above equation does not contain any
information about system-bath correlation and cannot
give an adequate description of the reduced system dy-
namics.
In conclusion, we have found an exact solution for a
simple spin system coupled to a spin bath through an
intermediate spin. We have studied the dynamics of the
system and have shown that the initial correlations be-
tween the spin and the intermediate spin have a strong
influence on the dynamics of the spin. On the other hand,
the dynamics of the spin are weakly dependent on the
number of bath spins. In addition to the exact solution,
an approximate TCL2 master equation was derived with
the help of the correlation projection operator technique.
The derived equation explicitly takes into account initial
correlations between the spin and the intermediate spin.
The solution of the approximate master equation was
compared with the exact solution. It was shown that the
approximate technique gives good results for short time
dynamics.
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